Starting from the well-known quantum Miura transformation for the Lie algebra A n , we compute explicitly the OPEs for n = 3 and 4. The primary fields with spin 3, 4 and 5 are found (for general n). By using these primary fields and the OPEs from quantum Miura transformation, we derive the complete structure of the nonlinear W 4 and W 5 algebras.
It is known that the quantum Miura transformation for the Lie algebra A n ≃ sl(n + 1) gives a quadratic nonlinear algebra [1] . This algebra is believed to be identical with the nonlinear extended conformal algebra W n+1 , generated by fields W k 's with the integer k ranging from 2 to n + 1. For n = 1 and n = 2, this gives the Virasoro algebra and the well-known Zamolodchikov's nonlinear W 3 algebra [2] . For the general case such identification is not established explicitly. The problem with this identification comes from the fact that the basis fields in the quantum Miura transformation are not primary fields and the higher spin fields in W n are all primary fields (by definition). It is still an important open problem to find a primary basis in the quantum Miura transformation. Given the difficulty of this problem, in this paper we will establish such identification for W 4 and W 5 (commonly known as W 4 and W 5 algebras) by explicitly computing the operator product expansions (OPEs). In another word we will derive the complete structure of the nonlinear W 4 and W 5 algebras directly from the quantum Miura transformation. In fact the structure of the W 4 algebra is known in literature [3, 4] . So our derivation serves as a non-trivial check to their results. The method we used was then applied to derive the more complicated W 5 algebra. As a first remark we note that most of our computations are done by computer symbolic calculation Mathematica [5] . There exists also a Mathematica package for computing and simplifying OPEs [6] 1) , but I didn't make use of it in this paper.
The Quantum Miura Transformation
Let { ε i , i = 1, 2, · · · , n + 1} be a set of vectors in an n-dimensional space.
They are normalized as
and satisfy the constraint
1) I would like to thank A. Ganchev and De O. M. Werneck for giving me a copy of this reference and the file of the package.
Then the quantum Miura transformation is defined as
where : : denotes normal ordering and a is a free parameter. We have for example
For general discussion about the fields U k (z)'s and their algebras, please see refs.
[ 1, 7] . The fact we will explicitly verified (for n = 3, 4) is that the fields U k (z)'s satisfy an algebra with quadratic defining relations
where the coefficient C's are algebraic in a.
The fundamental OPEs
To my knowledge the coefficient C's are not known explicitly in general. I suspect if ref. [8] (I don't have a copy of this reference) contains some explicit results for these coefficients. Nevertheless ref. [7] do have a general result for U 2 (z)U j (w) which is given as follows
where c q 's are given by
To my knowledge the other general formula given in the same reference for [
is not sufficient to give the OPE U 3 (z)U j (w). Because of the incompleteness of these results, we will compute all the OPEs explicitly for n = 3 and 4. The computation is based on the following contraction rule
The explicit realization of ε i 's is not needed. All we needed are the relations (1) and (2) . To compute the OPEs between the various U k (z)'s we first compute
and then
and etc. In each step of the above computation, there involves only one contraction or differentiation. This can be easily done in Mathematica. The end result of this recursive computation gives
So the coefficient of the differential (a∂ z ) n+1−l gives the OPE U l (z)U k (w).
For n = 3 by doing the above computation explicitly we have
Notice that the above formulae are not written as the form in (5) . All the functions appeared in the right hand side are functions of w only. Nevertheless one can explicitly verify that the above OPEs fit the form in (5). Also we have included some regular terms in the OPEs. They are included in order to define the composite fieldsΛ i (w)'s. For the W 4 algebra only composite fields with spin up to 6 are needed. The other terms denoted as P i (w) are not given explicitly. They can easily be obtained from the symmetric property of the OPEs:
For n = 4, similar OPEs between U k (z)'s are also calculated but we will not
give the explicit results here because the expressions are too long to write them.
For illustration purpose we give only the OPEs of U 2 (z) with other fields. These results are in agreement with the general formula (6). We have
Here we included only two regular terms just to fix the definition ofΛ 1 (w) and Λ 4 (w). These two fields are needed to form primary fields from U i (w)'s. In the next two sections we will use these OPEs (and the ones not explicitly written here)
to derive the complete structure of the W 4 and W 5 algebras.
The algebra W 4
To begin with let us recall some generalities about conformal field theory. (See ref. [9] for a recent review.) A primary field φ h (w) with dimension (spin) h has the following OPE with the stress energy tensor T (z):
and the OPE of T (z) with itself is
Here c is a free parameter called center charge. From (12) and (13) we can identify U 2 (z) with the stress energy tensor but the fields U 3 (w) and U 4 (w) are not primary fields with spin 3 and 4. Later we will redefine U i (w)'s by adding some terms from the descendant fields of U 2 (z) ≡ T (z) and other fields such that the new fields are primary fields. To completely fix the freedom of redefining the descendant fields, we will ask all the fields appearing in the OPEs to be quasi-primary fields. This is so because the OPE of two quasi-primary fields has some nice properties [10] . The OPE of two quasi-primary fields φ i and φ j with integer conformal dimensions h i and h j takes the following general form:
where k denotes all the possible quasi-primary fields occurring in the OPE (not necessarily containing singular parts), γ ij plays the role of a metric on the space of quasi-primary fields and a (ijk) n are given by
with the notation (x) n = Γ(x + n)/Γ(x). Notice that for h i − h j + h k ≤ 0, the summation over n truncates to a finite summation.
Because of this general formula we can symbolically write the OPE of
What this formula actually means is (16). For example, the OPE T (z)T (w) ex-
2) We use "≃" to signify this writing, whereas "=" or "∼" is used for other purpose.
which can be symbolically written as
Here the fields Λ 1 (w) and Λ 2 (w) are quasi-primary fields with spin 4 and 6 respectively. They are related to the fieldsΛ 1 (w) andΛ 2 (w) in (12) . One should redefine these fields such that the OPEs takes the general form (16).
As a technical remark we mention that in (12) we give only the basic OPEs. In fact we will also need the OPEs between U i (z)'s andΛ 1 (w) andΛ 1 (z) with itself.
These can be computed easily by using the Wick theorem for the contraction involving composite fields. See [9] for details.
Equipped with these general knowledges we now start our final mission. Setting
, we define new fields W (w) and U(w) as follows
The primary field conditions are
where the fields Λ i (w)'s are quasi-primary. By using the OPEs in (12) we get the 3) Notice that these formulas actually mean the following 
where c is the central charge: c = 3(1 + 20a 2 ). This result is in agreement with the general result for the spin-3 and 4 primary fields given in [11] . Later in the next section we will give the general formula for spin-3, 4 and 5 primary fields. The fields Λ i (w) are related toΛ i (w). The explicit relations are not quite illuminating to merit displaying.
Having found the primary fields we are now ready to compute the other three 
where the field Λ 7 (w) (which is quasi-primary) is defined as the regular part in the following OPE
Up to some normalization factors for the fields W (w) and U(w), these are the OPEs given in [3, 4] for the nonlinear W 4 algebra.
The W 5 algebra
One can repeat all the above computations for W 5 . Before putting n = 4 let us study the problem of finding primary fields with spin 3, 4 and 5. To solve the primary field condition we need also the OPEs U 2 (z)Λ 1 (w) and U 2 (z)Λ 4 (w). These
OPEs are found to be (T (z) = U 2 (z))
where c is the central charge: c = n(1 + (n + 1)(n + 2)a 2 ). From this equation and eq. (6) one can prove that the following fields are primary fields:
Surely for n = 3 we get back eq. (11). For n = 4 the above formulae gave all the primary fields. Explicitly these primary fields are
From these primary fields we can compute the W 5 algebra. The only difficulty is that one should compute a lot of OPEs involving composite fields and then introduce more composite fields until one exhausts all possible composite fields with highest spin 8. In total there are 25 independent composite fields which are needed in the OPEs of W 5 4) . All of them are defined to be quasi-primary. In the course of presenting the various OPEs we will also include some regular terms in the OPEs to define some of these composite fields. The definition of the rest composite fields will be given after we give all the fundamental OPEs. Firstly the OPEs with the stress energy tensor T (z) state that all the fields W (w), U(w) and 4) These fields are constructed from the following normal ordered products:
spin 5 : T W ;
V (w) are primary fields:
The regular terms in the above OPEs define the composite fields Λ i (w) (i = 1, 2, · · · , 12) which are all quasi-primary. Secondly the OPEs of W (z) with other fields get a little bit complicated but still comprehensible. They are
where
80 . As before some regular terms are given explicitly in order to set the definition of the fields Λ i (w) (i = 13, · · · , 17) which are all quasi-primary.
The definition of the spin-6 quasi-primary fields Λ 19 (w) will be given later.
For the last three OPEs we will write them one by one. Firstly U(z)U(w) is given by 
Finally the last and the most complicated OPE V (z)V (w) is given by 
where c 5 and the other two big coefficients are given by 
To finish the presentation we also need to give the definition of the other quasi-primary fields Λ i (w) (i = 19, · · · , 25). These quasi-primary fields appear in the regular terms of the OPEs involving quasi-primary fields. We have
T (w) (z − w) 4 + and redefinition of fields doesn't spoil this property. For U 4 (w) there are four anomalous terms but only three of them are independent. Here we have three terms: ∂ w U 3 (w), ∂ 2 w U 2 (w) andΛ 1 (w) to be added to U 4 (w). So a unique spin-4 primary field always exists. For higher spin fields a simple counting of freedoms can't prove the existence and uniqueness of higher spin primary fields.
What we can learn about the general structure of nonlinear W -algebras from our explicit results? By looking at the explicit OPEs we can guess about the first few terms in W j (z)W j (w) as the following 
where W j (w) is a spin-j (j > 2) primary field. There is nothing special about the first term because it just set the normalization for W j (w). The second term can be proved by considering the central term in the following Jacobi identity
The other term in (38) is an extrapolation from our explicit results. It is known to be true in W (2, δ) algebras [3] . A proof could be found by extending (or just following) their computations.
As a further remark we notice that these three terms in W j (z)W j (w) are content independent, meaning that the structure constants only depend on the spin of the primary field W j (w) and don't depend on the content of the algebra, i.e. how many basic fields constitute the algebra. We conjecture that these three structure constants are the only content independent ones. This conjecture is supported by our explicit results for the nonlinear W 4 and W 5 algebras. It is also true in W B 2 , a nonlinear extended conformal algebra with a spin-4 primary field which is associated with the simple group B 2 or C 2 .
One other aspect of the OPEs of the W n algebras is that there is a selection rule. This is closely related to the automorphisms of W -algebras which was discussed
